Songvilay et al. (2022). Souphanouvong University Journal of Multidisciplinary Research and Development,
ISSN 2521-0653. Volume 8. Issue 1. Jan — Jun 2022. Page 262 - 270

The use of generating function and cyclotomic polynomials to discover and

prove some new restricted integer partitions
Sonexay Songvilayl’*, Thongsouk Saybounheaungz, Innavanh Namkhaluck®, Pinkham
Thanavanh®, Phuangmaly Siharath’, Parnthong Vongbounsy6 and Sonephanom

Sengthavideth’

Research and Academic Service Division, Faculty of Natural Sciences, National University of Laos,

Lao PDR

“Correspondence: Sonexay
Songvilay, Research and
Academic Service Division,
Faculty of Natural Sciences,
National University of Laos,
PDR. Tel: +856 20 22220456
Email:

Abstract

The purposes of this research were to discovered some new
partition identities valid for all positive integers n of the general
type p,(n)=p,(n), where p,(n) is the number of partitions of n
and the parts of n are subject to a first restriction and p,(n) is

the number of partitions of n and the parts of n are subject to the
second restriction, which is different from the first one. These
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partition identities are proved by using the generating function
and properties of cyclotomic polynomials.

Generating function and

1. Introduction

A partition of the positive integers n is a
way of writing n as a sum of positive integers
in the form n=n+n,+--- n, where the
order of the integers in the sum does not matter,

and the integers mn,, n,,--- n, are called the

parts of the partition of n. The number of
partitions n is denoted by p(n), and we define

p(0)=1. For example, we have p(8)=22

because there are 22 different partitions of 8
namely: 8, 7+1, 6+2, 6+1+1, 5+3, 5+2+1, 5+1+
1+1, 4+4, 4+3+1, 4+2+2, 4+2+1+1, 4+1+1+1+
1, 3+3+2, 3+3+1+1, 3+2+2+1, 3+2+1+1+1, 3+1
+1+1+1+1, 2424242, 24+2+2+1+1, 2+2+1+1+1
+1, 2+1+1+1+1+1+1 and 1+1+1+1+1+1+1+1.
A restricted partition is a partition of
some kinds of restriction which is imposed upon
the parts, and the number of partitions is often
interesting to satisfy some condition in the form

p(n |[condition]).

In 1979, Henry L. Alder used the
generating function to find and prove partition
identities concerning both unrestricted and
restricted partitions. In particular, by modifying
the Euler’s theorem (1748), he proved that the
number of partitions of n, where each part
appears at most twice equals the number of
partitions of n into parts which are not
divisible by 3, and the number of partitions of

n, where each part appears at least twice

equals the number of partitions of n into parts
which are not congruent to +1(mod 6).

In this paper, the results of Alder (1979)
will be extended. In particular, his technique is
used to find and prove that the number of
partitions of n in the first condition equals the
number of partitions of ninto parts with the
second condition.
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Therefore, the purpose of finding some
new restricted integer partitions identities which
are valid for all integers n of the general type
p(n)=p,(n) 1s studied by
extending the results of Alder and these partition
identities are proved by using the generating
function and cyclotomic polynomials.

1.  Materials and Methods

In this section, we use some definitions,
theorems, and properties of the generating
functions and cyclotomic polynomials to find

interestingly

and prove partition identities involving the
restricted partitions.
Definition 2.1 f(x) is said to be a

generating function for the sequence

{ay,a,,0,,... @ if, when f(x) is writing as

a power series, then
f(x)=a,+ax+a,z’ +-

In considering sums as in Eq. (2.1), the
authors do not have to concern with questions of
convergence of the series since the coefficients
are only the interesting once in this paper. A
formal power series in z is considered. There
exists a theorem of formal power series, of
which an excellent account is given by Ivan
Niven. The following results will be used
thoroughly in the next section.

Theorem 2.1 (Euler, 1748).  The
generating function for p(n) is given by

o0 N o0 1
;p(n)w =H1_xj

j=1

Theorem 2.2 (Euler equality theorem,
1748). If n is a positive integer, then
p(n |odd parts) = p(n |distinct parts).

That is there are the same number of
partitions of n into odd parts as there are
partitions of n into distinct parts.

Definition 2.2 (Erickson & Vazzana,
2008). The order n cyclotomic polynomial @

is the monic polynomial whose roots are the

s(x)=(1+z" +2°"

+.)(1+x2"% +x

distinct primitive n” roots of unity. That is
®,(z)= H (z—c'), where ¢, isa

I<k<n
ged(k,n)=1

primitive n" roots of unity.

Note that the degree of @, (z) is ¢(n),
where ¢ is the Euler phi-function.

Theorem 2.3 (Erickson & Vazzana,
2008). For n>1,

" —-1= HCDd ().

dln
Corollary 2.1 (Erickson & Vazzana,
2008). For p prime,

" p-2
O (v)=z""+z" " +.+z+L

2. Results

In this section, we start to discover and
prove some new restricted integer partitions by
using the generating function from the
following problem 3.1.

Problem 3.1 Is there an identity which
states that the number of partitions of n, where
each part appears exactly twice equals the
number of partitions of n into parts taken from
some fixed set of integers denote it by S and, if
so, what is S ?

Solution. Let us assume that there
exists such a set Sand denote its elements by
Then

a,,0,,0s,..., where a, <a,<ay;<--

a,,0,,0,..., so are needed to determine that the

generating function for the number partitions of
n, where each part appears exactly twice, and
it is denoted by f(z) which is equal to
generating function for the number of partitions
of n into parts taken from the set S, it is
denoted again by s(z). Now the generating

function of f(z) is given by:
f(x)=1+2)A+zHA+2°)A+2*) A+ 2")...
and the generating function of s(x) is

given by:

2a,

o)1+ + 2 )
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1

T =21 —z")1—12")--

If f(x)=s(x), then the term with lowest
exponent of z in f(z) is z°, must equal the

term lowest exponent of zin s(z) is =", and

(1+2%)(1+2"")1-2")...

If (1-2°)f(x)=(1-2")s(z), then the
term with lowest exponent of z in (1—2°)f(z)
is z°, must equal the term lowest exponent of
(1-2%)s(z) is 2™,
a,<a,<a;<.., so that a,=6 1is assumed.
Similarly, a, =10, a, =14, a; =18, a; =22,...1s
found. Thus, S=1{2,6,10,14,18,22,...}, that is,

zin and since

since a, <a, <a; <..., so that ¢, =2 is assumed.

Multiplying both sides equation f(z)=s(z) by

(1-2%) and then the below result is obtained
1

T U=z (1-2")..

the set of all numbers are congruent to 2(mod

4).

Theorem 3.1 The number of partitions
of n, where each part appears exactly twice

equals the number of partitions of n into parts
which are congruent to 2(mod 4).
Proof. Let f(x) be the generating

function for the number of partitions of n,

where each part appears exactly twice. Then

f(@)="> p(n|each part appears exactly twice)z" = [ J(1+2™).

n=0
On the other hand, let s(x) be the

generating function for the number of partitions
of n into parts which are congruent to 2(mod
4). Then

S(I)=ﬁ1_

And f(z)=s(x) must be showed.

From
f@=[Ja+a*)=

(1+:Jc2)(1+:Jc4)(1+3:6)(1+x8)(1+:131°)---
_ 1-z* 1-2° .l—xlz _1—:1016 .1—1:20

-2 .l—a:4 1-2° 1-2° 1-2"
- 1 1
- 1;[ 1-g* _izgcm 1-2' o
This completes the proof.
Example 3.1 For
p(8) =22 and the partitions of 8 are: 8, 7+1,
6+2, 6+1+1, 5+3, 5+2+1, 5+1+1+1, 4+4, 4+3+
1, 4+2+2, 4+2+1+1, 4+1+1+1+1, 3+3+2, 3+3
+1+1, 3+2+2+1, 3+2+1+1+1, 3+1+1+1+1+1,
2424242, 242+2+1+1, 2+2+1+1+1+1, 2+1+1+1
+1+1+1 and 1+1+1+1+1+1+1+1.

1 1

4i-2

o
k=2(mod4) l-x

n=8, we have

i=l1

Then the partitions of 8, where each part
appears exactly twice are: 4+4, 3+3+1+1. Thus,
there are 2 such partitions. On the other hand,
the partitions of 8 into parts which are
congruent to 2(mod 4) are: 6+2, 2+2+2+2. Thus,
there are 2 such partitions.

Next, the Problem 1 can be replaced by
using some condition to find the set S of
integer as follows:

Problem 3.2 Replace in Problem 3.1
“each part appears exactly twice” by “no part
appears exactly two or three times”.

Solution. Let’s assume that there
exists such a set S and denote its elements by
Then

a,,0,,0s,..., where a, <@, <ay;<--

a,,d,,a,,..., so are needed to determine that the

generating function for the number partitions of
n, where no part appears exactly two or three
times, and denoted by f(x) which is equal to

generating function for the number of partitions
of n into parts taken from the set S, denoted

again by s(z). Now the generating function of

f(z) is given by:
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f@=0+z+2* +2° +2°+. )1+ +2* +20 +2 +..)

A+ +2” + 2+ 2+ )0+t + 2 2 2 )

and the generating function of s(z) is given by:
s(z)=(1+z" + 2"
1

+.)(1+2" +2x

T =) (I-2")1-2")-

If f(z)=s(x), then the term with lowest
exponent of z in f(x) is z, must equal the
term lowest exponent of zin s(z) is =", and

since @, <a,<ay<.., so are assumed that

A+2°+2)+2° + 2% +2 + 2" + )A+ 2t + 2 + 20 + 2 +.) - =

If 1—2)f(x)=(0-z)s(x), then the term
with lowest exponent of z in (1—z)f(z) is z°,
and must equal the term lowest exponent of z
in (1-z)s(z) is £, and since @, <a, <a, <...,

(+2° =" + 2" +2°)A+2* +2"° + 20 + 2™ +..)

A+ +2° +27 + 20 +..) -

If (I-2)(1-2")f(z)=(1-2)1-2")s(2),
then the term with lowest exponent of z in
(1-z)1-2")f(z) is z* and must equal the

term lowest exponent of zin (1-z)(1-z’)s(x)

is 2®, and since a,<a,<a,<--- so are

assumed that a, =4. Similarly, a, =5, a5 =6,
a=7,0a,=9,a,=11, a,=12,a,, =13,...are
found. Thus, S=1{1,3,4,5,6,7,9,11,13,...}, that

2a, 2a3

+o ) +z% + 27+

a, =1.Multiplying ~ both  sides  equation
f(x)=s(x) by (1—z), the below result is

obtained

1
C(1—z2)(1-2%) -

so are assumed that a, =3. Multiplying both
(1-2)f(x)=(1-2z)s(x) by

(1-2), the below result is obtained

sides equation

1
T d—a)1—z")-
is, the set of all numbers are not congruent to
+2(mod12).
Theorem 3.2
of n, where no part appears exactly two or three

The number of partitions

times equals the number of partitions of n into
parts which are not congruent to +2(mod12).

Proof. Let f(x) be the generating function
for the number of partitions of n, where no part
appears exactly two or three times. Then

0

f(@) = p(n|nopartappears exactly two or three times ) " = [Ta+z+z"+2%+.).

n=0

i=1

On the other hand, let s(z) be the generating function for the number of partitions of n into

parts which are not congruent to £2(mod12). Then

m —
i#£+2(mod12) 1-2'

And f(z)=s(x) must showed that.

s(r) =

0 0
From f(x) :H(l+x+a:4i +2+..) :H(l+x+x2’ +xt 4t v+ Y =)
i=1 i=1
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= 1
_17:1[(1_'1" i=1 l—xi

] ) 0 1_$2i+x42’
2i 3i | _
l,—.'lf —T j—l I(—

= 1+ 2%
J_H(l )1+ 2)

15

1

f[ (1 :L,Zi,)(l $]2i)

(-2 )(1 z*)(1-2z") ) 1;[ (1-2""HA-2")A-2°*)

= H - = 5(x).

L;‘-‘+2(m0d12)1 z'
This completes the proof.

Example 3.2 From example 4.1 and
p(8)=22. Then the partitions of 8, where no
part appears exactly two or three times are: 8§,
7+1, 6+2, 543, 5+2+1, 4+43+1, 4+1+1+1+1,
3+1+1+1+1+1, 242+2+2, 2+1+1+1+1+1+1 and
1+1+1+1+1+1+1+1. Thus, there are 11 such
partitions. On the other hand, the partitions of 8
into parts which are not congruent to
+2(mod12) are: 8, 7+1, 6+1+1, 5+3, 5+1+1+1,
4+4, 4+3+1, 4+1+1+1+1, 3+3+1+1, 3+1+1+1+1
+1 and 1+1+1+1+1+1+1+1. Thus, there are 11
such partitions.

Next, we present some new restricted
partition identities using the cyclotomic

polynomials are represented in this paper. The
th

n" cyclotomic polynomial @, (x) is defined to
be the polynomial whose roots are the primitive

n" root of unity:

o, (@)= [] @—q.

1<k<n
ged(k,n)=1

Recall that D (v)=2-1 and

® (z)=1+z+2+..+2"", where p is a prime

D, ()=

10_1 .CCIS—I

number. The cyclotomic polynomial @, (x) can

be computed by dividing z" -1 by the
cyclotomic polynomials of the proper divisor of
n previously compute recursively by the same
method:

@, () =

L

H‘I)()

dln
d<n

The cyclotomic polynomials
D, (r)=1-z+2° -2’ +12°,
O, (r)=1-z+2° -2’ +2* —2° +2° and
O (r)=1-2+2° -2 +2°—2" +2° is used in
the proofs of Theorems 3.3, 3.4 and 3.5
respectively.
Theorem 3.3

of n, where no part appears exactly one or three

The number of partitions

times equals the number of partitions of n into
parts which are congruent to 0,142,445

(mod10).
Proof. The key idea of this proof is to
use cyclotomic polynomial @, (z)=1-z+2" —

2’ +x*. First note that:

D, (2)D, (z)D(z)

(z-D@@+)(z* +2° +2> +z+1)

Let f(x) be the generating function for the number of partitions of n, where no part appears

exactly one or three times. Then

f(@)=>_ p(n|nopart appears exactly one or three times)z" =] [(1+2* +z" +2™ +..).

n=0

i=1

On the other hand, let s(z) be the generating function for the number of partitions of n into
parts which are congruent to 0,+2,+4,5(mod10). Then

s(r) =

nm —

§=0,+2,+4.5(mod10) -z

And f(z)=s(x) must be showed.
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From

=TT s+ e <[ [ sa® o s .

.|

fﬁ( %j:fj[Lﬂﬁ+x

i=1

-z

2 _ g3 +x4i]

7' —1

ﬁ 10() , where @, (z) =

& D, (2)®D,(2)D,(z)

) xlOz _1

-1

IOl

L=z =Dz + )Y+ 2 +:ri’ +1)
(2’ 1)(:55‘ + 1) 1+x
(2’ 1)(1 H 1—I(l 332')(1 z™)

gib=
-1

[1

i (- 3522)(1 >*" 1)) i=0,42,24,5(mod 10)
This completes the proof.
Example 3.3 From example 4.1 and

p(8)=22 then the partitions of 8, where no
part appears exactly one or three times are: 4+4,
343+1+1,  24+2+2+2,  2+2+1+1+1+1  and
1+1+1+1+1+1+1+1. Thus, 5 such
partitions. On the other hand, the partitions of 8
into  parts which are congruent to
0,12,+4,5(mod10) are: 8, 6+2, 4+4, 4+2+2 and
2+2+2+2. Thus, there are 5 such partitions.

there are

=s(x).

Theorem 3.4
of n, where no part appears exactly one or three

-z

The number of partitions

or five times equals the number of partitions of

n into parts which are congruent to
0,12,14,+6,7(mod 14).
Proof. Let f(x) be the generating

function for the number of partitions of n

where no part appears exactly one or three or
five times. Then

f(x)= Z p(n |nopart appears exactly one or three or five times) x"

n=0

= H(l+x2i +at 42 ),

i=l1

On the other hand, let s(z) be the generating function for the number of partitions of n into
parts which are congruent to 0,£2,+4,4+6,7(mod14). Then

s(z) =
And f(z)=s(x) must be showed that.

From  f(z)=][(+a* +2" +2 +2" +..)
i=1

[e¢)

1

-
i=0,+2,+4,+6,7(mod 14) -z

(I+z+2” +2 +2" +27 +..—2' =27 =2
i=1
© 1 . 3 5 ) l_xi+x2i_x3i+x4i_x5i+x6i
= -—z' -1 -1 =H -
i=1 1—.’17 i=1 1_$

o

14_1

=H®L() where @, (z) =

il B

D, ()@, (2)P, ()

0 xl4i_1
e e e

D@ + D"+ + 2t 2 T 2+ )
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il

- D@ +) FHltz &
:U —1)(1 =) 1:[1 o :H (- le)(l 27
= 1
B 1_1[ (1- xzz)(l z'?" 1)) 120,42,£4.26,7(mod14) | —' =@
This completes the proof. Proof. Let f(x) be the generating

Theorem 3.5
of n, where no part appears exactly one or two

The number of partitions

or four or seven times equals the number of
partitions of 7 into parts which are congruent to

0,+3,+5,+6(mod 15).

function for the number of partitions of n,

where no part appears exactly one or two or four
or seven times. Then

f(x)= Z p(n |nopart appears exactly one or two or four orseven times)z"

n=0

o0
= H(l+x3l v+ ¥ 42 2 1)

i=1

On the other hand, let s(z) be the generating function for the number of partitions of n into
parts which are congruent to 0,+3,+5,+6(mod15). Then

s(r) =
And f(z)=s(x) must be showed that.

From f(z)= H(l+az3l+x52+x6z+x82+m92+ ).

i=l1

[1

i=0,+3,£5,+6(mod15)

1

-2

0
H(1+:p+x +o +at L 2 -V =2

:H 1 - _‘,1:27_:1:47_&777?
i=1 I—ZIJL
_ﬁl PRI S . S [
i=1 1-2'
. (D 15 _1
- H 5(2) ’ 15(2) =
i 1= D, (2)D,(2)Ds(2)
:ﬁ REY
0 (l—x )(x D@+ + )" + 2+ 2 +])
- 1-2" 1

-1

i=

=s(x).

m (=27 (1= 117577)

§=0,43,45,46(mod15) 1-2'
This completes the proof.
3. Discussion
3.1 The results of this research are close to the
research of Henry L. Alder (1969), who studied
Partition Identities-From Euler to the
Present and obtained the number of partitions

(=)A= -

5(3171))

of n into parts differing by at least 2 is equal to
the partitions of mninto parts which are
congruent 1 or 4 (mod 5). In this research, a
similar result found in this research is to use the
generating function to find and prove partition
identities, however, the main results of this
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research are difference such as the number of
partitions of n, where no part appears exactly

two or three times equals the number of
partitions of n into parts which are not
congruent to 2 or 10 (mod 12).

3.2 The results of this research are close to the
research of Henry L. Alder (1979), who studied
the use of generating function to discover and
prove partition identities and obtained the
number of partitions of n, where each part

appears at most twice and is for all n equal to
the number of partitions of ninto parts which
are not divisible by 3. In this research, a similar
result found in this research is to use the
generating function to find and prove partition
identities, however, the main results of this
research are difference such as the number of
partitions of n, where each part appears

exactly twice equals the number of partitions of
n into parts which are congruent to 2(mod 4).

3.3 The results of this research are close to the
research of G. E. Andrews and E. Kimmo
(2004), who studied Integer Partitions which
the extension research of Subbarao (1971b) and
obtained the number of partitions of n in which
each part appears exactly 2, 3 or 5 times equals
the number of partitions of n into parts
congruent to +2,43,6(mod 12). In this research,

a similar result found in this research is to use
the generating function to find and prove
partition identities, however, the main results of
this research are difference because some
relevant theories such as the generating

function, properties of cyclotomic polynomial
and congruent are used to find and prove
partition identities and obtained with the
following results:
o The number of partitions of n, where no
part appears exactly one or three times equals
the number of partitions of n into parts which
are congruent to 0,£2,+4,5 (mod10).
e The number of partitions of n, where no
part appears exactly one or three or five times
equals the number of partitions of n into parts
which are congruent to 0,+2,44,+6,7 (mod 14).
o The number of partitions of n, where no
part appears exactly one or two or four or seven
times equals the number of partitions of n into
parts which are congruent to 0,%3,15,16
(mod15).
4.  Conclusion

The main objective of this study of some
new partition identities concerning restricted
partition valid for all positive integers n of the
general type:

p,(n) =p,(n) is studied,

where the two conditions are different by
using the generating functions and cyclotomic
polynomials to discover and prove the following
results:
4.1 The number of partitions of n, where each
part appears exactly twice equals the number of

partitions of n into parts which are congruent to
2(mod 4)

p(n | each part appears exactly twice) = p(n | parts which are congruent to2(mod4)).

4.2 The number of partitions of n, where no part appears exactly two or three times equals the

number of partitions of n into parts which are not congruent to +2(mod12).

p(n |no part appears exactly two or three times) =

p(n | parts which are not congruent to+2(mod12)).

4.3 The number of partitions of n, where no part appears exactly one or three times equals the

number of partitions of n into parts which are congruent to 0,£2,+4,5 (mod10).

p(n |no part appears exactly one or three times) =

p(n | parts which are congruent to 0,42,44, 5(mod10)).

4.4 The number of partitions of 7, where no part appears exactly one or three or five times equals

the number of partitions of n into parts which are congruent to 0, +2, +4, +6, 7(mod14).

p(n | no part appears exactly one or three or five times) =
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p(n | parts which are congruent to 0,+2,44,16,7(mod 14)).

4.5 The number of partitions of n, where no part appears exactly one or two or four or seven
times equals the number of partitions of n into parts which are congruent to 0,+3,+5, +6(mod15).

p(n | no part appears exactly one or two or fouror seven times) =

p(n | parts which are congruent to 0,£3,+5, +6(mod15)).
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